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Quasitriangular bialgebras are central in the theory of quantum groups
 .and R-matrices. If two bialgebras or Hopf algebras H and A act on each
other, then one can form a bicrossed product H j A, which is defined by
w x  . co pMajid Mj . Drinfeld double D H is such a bicrossed product H* j H,
where H is a finite-dimensional Hopf algebra. The reader is directed to
w x w x K or R1 for details of these constructions. Dually, let two bialgebras or
.Hopf algebras H and A coact on each other via comodule structure maps
f and c , respectively, then one can form a bicrossed coproduct H fjc A.
w x  .Radford R1 showed that the dual Hopf algebra D H * of Drinfeld
 .  .double D H is such a bicrossed coproduct, and that D H * admits a
quasitriangular structure if and only if H and H* admit a quasitriangular
structure. In general, we ask when H fjc A admits a quasitriangular
structure, and what forms the universal R-matrices of H fjc A will take if
H fjc A admits a quasitriangular structure.
In this paper we study the bicrossed coproduct and answer the question
above. In Section 1, as preparation we define a weak R-matrix R to be an
winvertible element in H m A satisfying two conditions similar to R1,
 .  .x RQT.1 and QT.3 , and then construct a bicrossed coproduct H j A by
R. Then we discuss some properties of H jR A.
In Section 2, we discuss the quasitriangular structures of H fjc A. We
show that if H fjc A is quasitriangular then so are H and A, and
H fjc A can be defined by a weak R-matrix R. Conversely, if both H and
A admit a quasitriangular structure, we can construct a quasitriangular
structure of H jR A. Then we give the forms of all quasitriangular
structures of H jR A.
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Let H and A be any bialgebras, R g H m A a weak R-matrix, R s l .
 . . 4  . . 4id m g R N g g A* and R s f m id R N f g H* . Then R and r .  l .
R are Hopf algebras, and so the subbialgebra R jR R of H jR A is r .  l .  r .
 o p.  .also a Hopf algebra which is isomorphic to D R *. If A, R is a l .
quasitriangular bialgebra, H s R and B s R , then HB s BH, and l .  r .
A s BH is a minimal quasitriangular Hopf algebra. These results areR
developed in Section 3.
1. PRELIMINARIES
w xWe work over a field k. We follow Sweedler's book S for terminology
on coalgebras, bialgebras, and Hopf algebras. The comultiplication resp.
.counit of a coalgebra C will be denoted
D : C ª C m C resp. e : C ª k .
and the sigma notation
D c s c m c , D m id D c s c m c m c , etc., .  .  . 1 2 1 2 3
for c g C, will be used frequently. The antipode of a Hopf algebra will be
denoted by S.
For vector spaces V and W, let t : V m W ª W m V be the usualV , W
twist map. Denote it by t simply.
Let H and A be bialgebras, where H is a left A-comodule algebra, and
A is a right H-comodule algebra with comodule structure maps respec-
tively,
f : H ª A m H , f x s x y1. m x 0. , x g H , . 
c : A ª A m H , c a s a0. m a1. , a g A. . 
Define in H m A
coproduct: D x m a s x m x y1.a0. m x 0.a1. m a , .  .  . 1 2 1 2 1 2
counit: e x m a s e x e a , .  .  .
 .for all x g H, a g A, then H m A, D, e is a coalgebra if and only if the
 .  .following conditions B.1 ] B.4 are satisfied:
 . y1. 0. 0. y1. y1..0. 0. y1..1. 0.B.1  x m x m x s  x x m x x m x ,1 2 1 2 1 2 2
 . y1.  0..  .B.2  x e x s e x 1 ,A
 . 0. 0. 1. 0.  1..y1. 0.  1..0. 1.B.3  a m a m a s  a m a a m a a ,1 2 1 1 2 1 2
 .  0.. 1.  .B.4  e a a s e a 1 ,H
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for all x g H, a g A. In this case, H m A is a bialgebra with the above
defined coalgebra structure and the usual tensor product algebra structure
 .if and only if the following condition B.5 is satisfied:
 . y1. 0. 0. 1. 0. y1. 1. 0.B.5  x a m x a s  a x m a x , x g H, a g A.
The above defined bialgebra is called a bicrossed coproduct, denoted
H fjc A. If H and A are Hopf algebras with antipodes S and S ,H A
respectively, then H fjc A is also a Hopf algebra with the antipode given
by
S x m a s S a1.x 0. m S a0.x y1. , x g H , a g A. a .  .  .  . H A
Let H fjc A be a bicrossed coproduct defined as above, then a :0
f c  . f c  .H j A ª H, x m a ¬ xe a and b : H j A ª A, x m a ¬ e x a0
are bialgebra morphisms.
The concept of a quasitriangular bialgebra has been introduced by
w x w x w x w xDrinfeld D1 , and studied by several authors, among them D1 , D2 , Mj ,
w xand R1 .
 .  .A quasitriangular bialgebra Hopf algebra is a pair H, R , where H is a
 .bialgebra Hopf algebra , R s  R9 m R0 is an invertible element in
 .H m H satisfying the following  r 9 m r 0 s R :
 .  . .QT.1 D m id R s  R9 m r 9 m R0 r 0 s R R .13 23
 .  . .QT.2 id m D R s  R9r 9 m r 0 m R0 s R R .13 12
 . o p .  . y1QT.3 D x s RD x R for all x g H.
 .In this case, R is called a uni¨ ersal R-matrix of H. H, R is triangular if
y1  .R s t R .
DEFINITION 1.1. Let H and A be bialgebras. An invertible element
 .R s  R9 m R0 in H m A is called a weak R-matrix of H, A if the
 .following conditions are satisfied  r 9 m r 0 s R :
 .  . .W.1 D m id R s  R9 m r 9 m R0 r 0;
 .  . .W.2 id m D R s  R9r 9 m r 0 m R0.
LEMMA 1.2. Let R s  R9 m R0 g H m A be a weak R-matrix, Ry1 s
 y1 .  y1 .  y1 .  y1 . R 9 m R 0 s  r 9 m r 0. Then we ha¨e
 .  .W.3  e R9 R0 s 1 ,A
 .  .W.4  R9e R0 s 1 ,H
 .  . y1 .  y1 .  y1 .  y1 .  y1 .W.5 D m id R s  R 9 m r 9 m r 0 R 0,
 .  . y1 .  y1 .  y1 .  y1 .  y1 .W.6 id m D R s  r 9 R 9 m r 0 m R 0,
 .  y1 . . y1 .W.7  e R 9 R 0 s 1 ,A
 .  y1 .  y1 . .W.8  R 9e R 0 s 1 .H
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The proof is easy.
Now assume an element R s  R9 m R0 g H m A satisfies
 .  . y1W.1 ] W.4 . If H is a Hopf algebra, then R is invertible with R s
 . S R9 m R0, and if both H and A are Hopf algebras then R sH
 .  . S R9 m S R0 .H A
LEMMA 1.3. Let R s  R9 m R0 g H m A be a weak R-matrix, and
define
f : H ª A m H , f x s t R 1 m x t Ry1 , .  .  .  .
c : A ª A m H , c a s t R a m 1 t Ry1 , .  .  .  .
for all x g H, a g A. Then H is a left A-comodule algebra and A is a right
 .  .H-comodule algebra ¨ia f and c , respecti¨ ely, and the conditions B.1 ] B.5
are satisfied.
Proof. It is clear that f and c are algebra morphisms. Now set
y1  y1 .  y1 .  y1 .  y1 .R s  r 9 g r 0, R s  R 9 m R 0 s  r 9 m r 0, then for
any x g H we have
D m id f x s D R0 Ry1 0 m R9x Ry1 9 .  .  .  . .
s D R0 D Ry1 0 m R9x Ry1 9 .  .  . .
s r 0 m R0 ry1 0 m Ry1 0 .  .  . .
m R9r 9x ry1 9 Ry1 9 by W.2 , W.6 .  .  .  . .
s r 0 ry1 0 m R0 Ry1 0 m R9 r 9x ry1 9 Ry1 9 .  .  .  . .
s id m f f x , .  .
and
e m id f x s e R0 Ry1 0 R9x Ry1 9 .  .  .  . .
s R9e R0 x Ry1 9e Ry1 0 .  .  . .
s x by W.4 , W.8 . .  . .
It follows that H is a left A-comodule algebra via f. Similarly, by using
 .  .  .  .W.1 , W.3 , W.5 , and W.7 , one can check that A is a right H-comod-
ule algebra via c .
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 .  .Now we show that conditions B.1 ] B.5 are satisfied. Set R s  R9 m
y1 y1 y1 y1 .  .  .R0 s  r 9 m r 0 s  R9 m R0, R s  R 9 m R 0 s  r 9 m
y1 y1 y1 .  .  .r 0 s  R 9 m R 0. Then for any x g H, a g A,
f x s x y1. m x 0. s R0 Ry1 0 m R9x Ry1 9, .  .  . 
c a s a0. m a1. s R0 a Ry1 0 m R9 Ry1 9. .  .  . 
Thus we have
x y1. m x 0. m x 0. 1 2
s R0 Ry1 0 m D R9x Ry1 9 .  . .
s R0 Ry1 0 m D R9 D x D Ry1 9 .  .  .  . .
s R0 r 0 ry1 0 Ry1 0 m R9 m r 9 x m x Ry1 9 m ry1 9 .  .  .  .  .  . . 1 2
s R0 r 0 ry1 0 Ry1 0 m R9x Ry1 9 m r 9x ry1 9, .  .  .  . 1 2
and
 .  .0 1y1. y1. 0. y1. 0.x x m x x m x .  . 1 2 1 2 2
 .  .0 1y1 y1 y1 y1s R0 R 0 r 0 r 0 m R9x R 9 r 0 r 0 .  .  .  . .  .  . . 1
m r 9x ry1 9 .2
y1 y1 y1 y1 y1s R0 R 0 R0 r 0 r 0 R 0 m R9x R 9 R9 R 9 .  .  .  .  . .  .  . . 1
m r 9x ry1 9 .2
y1 y1 y1 y1s R0 r 0 r 0 R 0 m R9x R 9 m r 9x r 9. .  .  .  . 1 2
 .  .This proves B.1 . As for B.2 ,
x y1.e x 0. s R0 Ry1 0 e R9x Ry1 9 .  .  . . 
s e R9 R0 e Ry1 9 Ry1 0 e x s e x 1 . .  .  .  .  . . A
 .  .Similarly, one can show B.3 and B.4 . Finally,
x y1.a0. m x 0.a1. s f x c a .  .
s t R 1 m x t Ry1 t R a m 1 t Ry1 .  .  .  .  .  .
s t R 1 m x a m 1 t Ry1 .  .  .  .
s t R a m 1 1 m x t Ry1 .  .  .  .
s t R a m 1 t Ry1 t R 1 m x t Ry1 .  .  .  .  .  .
s a0.x y1. m a1.x 0. .
This completes the proof.
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Now let R s  R9 m R0 g H m A be a weak R-matrix. Then one can
form a bicrossed coproduct H fjc A, denoted simply by H jR A.
 . RPROPOSITION 1.4. 1 H j A s H m A as algebra.
 . R R2 The coproduct D of H j A is gi¨ en by
DR x m a s x m R0 a Ry1 0 m R9x Ry1 9 m a .  .  . 1 1 2 2
y1  y1 .  y1 .for all x g H, a g A, where R s  R 9 m R 0.
 . R3 If both H and A are Hopf algebras, then H j A is a Hopf algebra
with antipode
S R x m a s Ry1 S x m S a R .  .  . .H A
s Ry1 9S x R9 m Ry1 0 S a R0 . .  .  .  . H A
 .Proof. 1 It follows by definition.
 .2 By definition,
DR x m a s x m x y1.a0. m x 0.a1. m a . .  .  . 1 2 1 2 1 2
y1. 0.  y1 .  y1 . 0.Since  x m x m x s  x m R0 r 0 m R9x r 9 and  a m1 2 2 1 2 1
1.  y1 .  y1 .a m a s  r 0 a R 0 m r 9 R 9 m a , we have1 2 1 2
DR x m a s x m R0 ry1 0 r 0 a Ry1 0 m R9x ry1 9r 9 Ry1 9 m a .  .  .  .  . 1 1 2 2
s x m R0 a Ry1 0 m R9x Ry1 9 m a , .  . 1 1 2 2
y1  y1 .  y1 .where R s  r 9 m r 0, R s  r 9 m r 0.
 .  .3 By a , we have
S R x m a s S a1.x 0. m S a0.x y1. .  .  . H A
s S R9 ry1 9r 9x Ry1 9 m S R0 a ry1 0 r 0 Ry1 0 .  .  .  . .  . H A
s S R9x Ry1 9 m S R0 a Ry1 0 .  . .  . H A
s S Ry1 9 S x S R9 m S Ry1 0 S a S R0 .  .  .  .  .  . .  . H H H A A A
s S m S Ry1 S x m S a S m S R .  .  .  .  .  . .H A H A H A
s Ry1 S x m S a R . .  . .H A
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Throughout the rest of this section, H jR A is a bicrossed coproduct
given by a weak R-matrix R s  R9 m R0 g H m A. In this case, the
bialgebra maps a and b satisfy0 0
R a z m b z s a z m b z R .  .  .  . .  . 0 1 0 2 0 2 0 1
for all z g H jR A.
LEMMA 1.5. Assume that a : B ª H and b : B ª A are bialgebra mor-
phisms. Let u be the composition
ambD RB ª B m B ª H j A ,
 .  .  .that is, u b s  a b m b b , b g B. Then u is a bialgebra morphism if1 2
and only if
R a b m b b s a b m b b R , ;b g B. .  .  .  . .  . 1 2 2 1
Proof. Note that u is always an algebra morphism since D is an algebra
map.
R  .  .  .Now if u is a coalgebra map, then D u b s u m u D b for all b g B.
But
DRu b s DR a b m b b .  .  . . 1 2
s a b m R0 b b Ry1 0 m R9a b Ry1 9 m b b .  .  .  .  .  . 1 2 1 21 1 2 2
s a b m R0 b b Ry1 0 m R9a b Ry1 9 m b b , .  .  .  .  .  . 1 3 2 4
where the last equation follows by the fact that a and b are bialgebra
maps; on the other hand,
u m u D b s u b m u b .  .  .  . 1 2
s a b m b b m a b m b b . .  .  .  . 1 2 3 4
It then follows that, for any b g B,
a b m R0 b b Ry1 0 m R9a b Ry1 9 m b b .  .  .  .  .  . 1 3 2 4
s a b m b b m a b m b b . .  .  .  . 1 2 3 4
Now by applying e m id m id m e to both sides of the equation, we get
R0 b b Ry1 0 m R9a b Ry1 9 s b b m a b , .  .  .  .  .  . 2 1 1 2
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and so
R a b m b b s a b m b b R . .  .  .  . .  . 1 2 2 1
  .  ..   .  ..Conversely, if R  a b m b b s  a b m b b R for any b g1 2 2 1
R  .  .  .B, then by reversing the above proof one can get D u b s u m u D b .
 .   .  ..  .  .Finally, since eu b s e  a b m b b s  ea b eb b s1 2 1 2
 .  .  . e b e b s e b , u is a coalgebra map.1 2
COROLLARY 1.6. Let R s  R9 m R0 g H m H be a weak R-matrix of
 .  .H, H . Then H, R is a quasitriangular bialgebra if and only if the comulti-
plication D of H is a bialgebra map from H to H jR H.
Proof. Set a s b s id: H ª H, then a and b are bialgebra maps, and
u s D. It follows from Lemma 1.5 that D: H ª H jR H is a bialgebra
map if and only if
R x m x s x m x R , .  . 1 2 2 1
 .for all x g H, which means that H, R is quasitriangular.
THEOREM 1.7. H jR A has the following uni¨ ersal property with respect
 .to a , b :0 0
  .  ..Let a : B ª H and b : B ª A be bialgebra maps. If R  a b m b b1 2
  .  ..s  a b m b b R for all b g B, then there exists a unique bialgebra2 1
map u : B ª H jR A such that a u s a and b u s b.0 0
 .Proof. Set u s a m b D , then it follows by Lemma 1.5 that u is aB
R  .  .  .bialgebra map from B to H j A. And a u b s  a b eb b s0 1 2
 .  .  .  .  .  .  .  .  . a b e b s a b , b u b s  ea b b b s  e b b b s b b ,1 2 0 1 2 1 2
for all b g B.
Now assume that u : B ª H jR A is another bialgebra map such that1
a u s a and b u s b. By Lemma 1.2, one can easily check that a m0 1 0 1 0
. Rb D s id, and so0
u s a m b DRu s a m b u m u D .  .  .1 0 0 1 0 0 1 1 B
s a u m b u D s a m b D s u . .  .0 1 0 1 B B
This proves the uniqueness of u .
Remark 1.8. H jR A is uniquely determined by the above universal
property, that is, assume that K is a bialgebra with bialgebra maps
a : K ª H and b : K ª A satisfying1 1
R a x m b x s a x m b x R .  .  .  . .  . 1 1 1 2 1 2 1 1
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for all x g K, if K has the universal property described as in Theorem 1.7
 . Rwith respect to a , b , then K and H j A are isomorphic as bialgebras.1 1
2. QUASITRIANGULAR STRUCTURES OF H jR A
THEOREM 2.1. Let H fjc A be a bicrossed coproduct. If H fjc A
admits a quasitriangular structure, then H and A admit a quasitriangular
 .structure, and there is a weak R-matrix R s  R9 m R0 of H, A such that
 .  . .  y1 .  .  . .  y1 .f x s t R 1 m x t R , x g H, and c a s t R a m 1 t R , a g
A, i.e., H fjc A s H jR A.
 f c .Proof. Assume that H j A, R is a quasitriangular bialgebra, where
 f c .  f c . f cR s  R9 m R0 g H j A m H j A . Since a : H j A ª H is0
  . ..a bialgebra surjection, H, a m a R is a quasitriangular bialgebra.0 0
  . ..Similarly, A, b m b R is also a quasitriangular bialgebra. Now set0 0
R s a m b R s id m e R9 m e m id R0 . .  .  .  .  .  .0 0
 .  .Then one can easily check that R is a weak R-matrix of H, A . By QT.3 ,
for all x g H, a g A,
x 0.a1. m a m x m x y1.a0. R . 2 1 2 1 2 1
s R x m x y1.a0. m x 0.a1. m a . . 1 2 1 2 1 2
By setting a s 1 and then applying id m e m e m id to both sides of the
equation, one gets
x 0. m x y1. R s R x m 1 , . .
 . y1. 0.  . .  y1 .and so f x s  x m x s t R 1 m x t R . Similarly, by setting
x s 1 and then applying id m e m e m id to the same equation, we have
 .  . .  y1 .c a s t R a m 1 t R .
From now on, unless otherwise stated, H jR A is a bicrossed coproduct
determined by a fixed weak R-matrix R s  R9 m R0 g H m A, write
y1  y1 .  y1 .R s  R 9 m R 0.
 .  .THEOREM 2.2. Assume that H, s and A, t are quasitriangular bialge-
bras, where s s  s9 m s0 g H m H, t s  t9 m t0 g A m A. Set
w x y1 y1s, t s R9s9 m t9 R 0 m s0 R 9 m R0 t0 , .  .
 R w x.then H j A, s, t is a quasitriangular bialgebra.
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w xProof. Since all R, s, and t are invertible, s, t is also invertible in
H jR A. Write
R s r 9 m r 0 s r 9 m r 0 , 
y1 y1 y1 y1 y1R s r 9 m r 0 s r 9 m r 0 , .  .  .  . 
s s s9 m s0 s s9 m s0 , 
t s t9 m t0 s t9 m t0 . 
For any x g H, a g A, we have
w x Rs, t D x m a .
w x y1 y1s s, t x m R0 a R 0 m R9x R 9 m a .  . .1 1 2 2
s r 9s9x m t9 ry1 0 R0 a Ry1 0 m s0 ry1 9R9x Ry1 9 m r 0 t0 a .  .  .  . 1 1 2 2
s r 9s9x m t9a Ry1 0 m s0 x Ry1 9 m r 0 t0 a .  . 1 1 2 2^` _ ^` _
s r 9x s9 m a t9 Ry1 0 m x s0 Ry1 9 m r 0 a t0 by QT.3 .  .  . . 2 2 1 1
and
o pR y1 y1w x w xD x m a s, t s r 9x r 9 m a m x m r 0 a r 0 s, t .  .  .  . .2 2 1 1
s r 9x ry1 9R9s9 m a t9 Ry1 0 m x s0 Ry1 9 .  .  . 2 2 1
m r 0 a ry1 0 R0 t0 .1
s r 9x s9 m a t9 Ry1 0 m x s0 Ry1 9 m r 0 a t0 . .  . 2 2 1 1
w x R .  R.o p .w x w x R .It follows that s, t D x m a s D x m a s, t , and so s, t D z s
 R.o p .w x R  .  R w x.D z s, t for all z g H j A, which proves QT.3 for H j A, s, t .
 .As to QT.1 , we first show
R9r 9 m R0 t9 m r 0 t0 s R9r 9 m t9r 0 m t0 R0 , b . 
and
y1 y1 y1 y1s9 R 9 m s0 r 9 m r 0 R 0 .  .  .  .
y1 y1 y1 y1s r 9s9 m R 9s0 m r 0 R 0 . c .  .  .  .  .
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In fact,
Y YR9r 9 m t9r 0 m t0 R0 s R9 m t9R m t0 R by W.2 . .  1 2
s R9 m RY t9 m RY t0 by QT.3 . . 2 1
s R9r 9 m R0 t9 m r 0 t0 by W.2 , . .
 .  .  .  .which proves b . c follows similarly by W.5 and QT.3 .
Now, we have
R w xRD m id s, t . .H j A
s DR r 9s9 m t9 ry1 0 m s0 ry1 9 m r 0 t0 .  . .  .
YX X X y1 y1s r s m R0 t r R 0 .  . 11 1 1^`_
YX X Xy1 y1 y1mR9r s R 9 m t r m s0 r 9 m r 0 t0 .  .  .22 2 2 ^`_^`_
X X X Xy1 y1 y1 y1s r 9s m R0 t r 0 R 0 m R9r 9s R 9 m t r 0 .  .  .  . 1 1 2 2^` _ ^` _
y1 y1ms0 r 9 r 9 m r 0 r 0 t0 by W.1 and W.6 .  .  .  . .^` _
y1 y1 y1 y1s r 9s9 m R0 t9 r 0 R 0 m R9r 9 s9 R 9 m t9 r 0 .  .  .  . ^ ` _ ^ ` _
y1 y1ms0 s0 r 9 r 9 m r 0 r 0 t0 t0 by QT.1 .  .  . .^ ` _
y1 y1 y1 y1s r 9s9 m t9r 0 r 0 R 0 m R9r 9 r 9s9 m t9 r 0 .  .  .  .
y1 y1ms0 R 9s0 r 9 m r 0 t0 R0 t0 by b , c .  .  .  . .
y1 y1 y1 y1s r 9s9 m t9 R 0 m R9s9 m t9 r 0 m s0 R 9s0 r 9 .  .  .  .
mr 0 t0 R0 t0
y1 y1s r 9s9 m t9 R 0 m R9s9 m t9 r 0 .  . .  .
y1 y1m s0 R 9 m r 0 t0 s0 r 9 m R0 t0 .  . .  .
w x w xs s, t s, t .13 23
 R.w x. w x w xRSimilarly, one can show id m D s, t s s, t s, t . It followsH j A 13 12
 R w x.that H j A, s, t is a quasitriangular bialgebra.
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COROLLARY 2.3. Let H fjc A be a bicrossed coproduct. Then H fjc A
admits a quasitriangular structure if and only if H and A admit a quasitriangu-
lar structure, and there is a weak R-matrix R such that H fjc A s H jR A.
Proof. It follows from Theorems 2.1 and 2.2 immediately.
COROLLARY 2.4. Let R s  R9 m R0 g H m H be a weak R-matrix,
and let H jR H be the bicrossed coproduct gi¨ en by R. Set
y1 y1R s R9r 9 m R9 R 0 m r 0 R 9 m R0 R0 , .  .
y1 y1 .where R s  R9 m R0 s  r 9 m r 0 s  R9 m R0, R s  R 9 m
 y1 .  R .R 0, then H j H, R is a quasitriangular bialgebra if and only if
 .H, R is a quasitriangular bialgebra.
 .  R .Proof. If H, R is quasitriangular, then by Theorem 2.2 H j H, R
 R .is also quasitriangular. Conversely, assume that H j H, R is quasitri-
R angular. Since a : H j H ª H is a bialgebra surjection and a m0 0
. .  .a R s R, H, R is also quasitriangular.0
THEOREM 2.5. Let R, H jR H, and R be as in Corollary 2.4. Then the
following statements are equi¨ alent:
 .  .1 H, R is a triangular bialgebra.
 .  R .2 H j H, R is a triangular bialgebra.
 . R  . .3 D : H ª H j H is a bialgebra map and R s D m D R ,H H H
w xthat is, D is a quasitriangular morphism R1 .H
 .  .  .Proof. 1 « 2 . Assume that H, R is triangular. Then by Corollary
 R . y1  .2.4, H j H, R is quasitriangular, and R s t R , and so
R s R9r 9 m r 9R9 m r 0 R0 m R0 r 0 ,
where R s  R9 m R0 s  r 9 m r 0 s  R9 m R0 s  r 9 m r 0. It follows
y1 Rthat R s  r 0 R0 m R0 r 0 m R9r 9 m r 9R9, and consequently H j
.H, R is triangular
 .  . R2 « 1 . It is clear since a : H j H ª H is a bialgebra surjec-0
 . .tion and R s a m a R as in Corollary 2.4.0 0
 .  .  .1 « 3 . If H, R is triangular, then by the above proof we know
 R .that H j H, R is also triangular, and
R s R9r 9 m r 9R9 m r 0 R0 m R0 r 0 .
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It follows from Corollary 1.6 that D is a bialgebra morphism from H toH
R  .  .H j H. Now by W.1 and W.2 ,
D m D R s id m id m D D m id R .  .  .  .  .H H H H
s id m id m D R9 m R9 m R0 R0 .  /H
s R9 m R9 m D R0 D R0 .  . H H
s R9r 9 m r 9R9 m r 0 m R0 R0 m r 0 .  .
s R9r 9 m r 9R9 m r 0 R0 m R0 r 0
s R.
 .  .  . .3 « 1 . If D is a bialgebra map and R s D m D R , thenH H H
 .again by Corollary 1.6 we know that H, R is quasitriangular. By R s
 . .D m D R and the above proof, we haveH H
y1 y1R9r 9 m r 9 R 0 m r 0 R 9 m R0 r 0 .  .
s R9r 9 m r 9R9 m r 0 R0 m R0 r 0 .
y1  .  .It follows that R s t R , and H, R is triangular.
Remark 2.6. Let H be a finite-dimensional Hopf algebra with antipode
 4  U4S, let H* be the dual Hopf algebra. Let h be a basis of H and h thei i
corresponding dual basis of H*, and set
R s h m hU g H o p m H*; i i
i
then a straightforward verification shows that R is a weak R-matrix of
 o p . o p RH , H* , and hence one can form the bicrossed coproduct H j H*.
Since H o p is a Hopf algebra with antipode Sy1, by the note following
y1 y1 . U o p RLemma 1.2, R s  S h m h . Thus the comultiplication of H ji i i
H* is given by
DR x m f s x m hU f hU m h ? x ? Sy1 h m f .  . 1 i 1 j i 2 j 2
s x m hU f hU m Sy1 h x h m f , x g H o p , f g H*. . 1 i 1 j j 2 i 2
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w x  .  o p.By K, pp. 213]214 , the Drinfeld double D H s H * m H as coalge-
 .bra, the product of D H is given by
f m a g m b s fg Sy1 a ?a m a b , f , g g H*, a, b g H . .  .  . . 3 1 2
 . o pIf we identify D H * with H m H* as basic vector space, then an
w x  . o p Rargument similar to R1, Proposition 11 shows that D H * s H j H*
as Hopf algebra.
 .  .Now assume that H, r and H*, R are quasitriangular Hopf algebras,0
 o p  ..where r s  r 9 m r 0, R s  R9 m R0, then H , t r is also a quasitri-0
  . .angular Hopf algebra. It follows from Theorem 2.2 that D H *, R is a
quasitriangular Hopf algebra, where
U Uy1R s t r , R s h ? r 0 m R9h m r 9 ? S h m h R0 , .  .0 i j j i
w x wwhich is the same as R1, Theorem 5 . Thus R1, Theorem 5 and Proposi-
xtion 12 are special cases of our Theorem 2.2 and Corollary 2.3, respec-
tively.
 .For any algebra B, let Z B denote the center of B. For any bialgebras
H and A, set
CW H , A s R g Z H m A N R is a weak R-matrix ; 4 .  .
 .then one can easily check that CW H, A is an abelian multiplicative
 .subgroup of H m A. Let QT H denote the set of elements R g H m H
 .such that H, R is a quasitriangular bialgebra.
Throughout the following, we still fix a bicrossed coproduct H jR A,
y1  y1 .  y1 .where R s  R9 m R0, and R s  R 9 m R 0.
 .LEMMA 2.7. For u s  u9 m u0, ¨ s  ¨ 9 m ¨ 0 g CW H, A , s s  s9
 .  .  .m s0 g CW H, H , and t s  t9 m t0 g CW A, A , define f u, s, t, ¨ g
 R .  R .H j A m H j A by
f u , s, t , ¨ s u9s9 m t9¨ 0 m s0 ¨ 9 m u0 t0 . . 
 .  R R .Then f u, s, t, ¨ g CW H j A, H j A , and f is a group isomorphism
 .  .  .from the group direct product CW H, A = CW H, H = CW A, A =
 .  R R .CW H, A to CW H j A, H j A .
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 .Proof. Since all u, s, t, ¨ are invertible and central, f u, s, t, ¨ is in-
 R .  R .  .  .vertible and central in H j A m H j A . By W.1 and W.2 , we
have
DR m id R f u , s, t , ¨ . . .H j A
s uX sX m R0 tX ¨Y Ry1 0 m R9uX sY Ry1 9 m tX ¨Y m s0 ¨ 9 m u0 t0 .  . 1 1 1 1 2 2 2 2
y1 y1s u9s9 m R0 t9¨ 0 R 0 m R9u9s9 R 9 m t9¨ 0 .  .
ms0 s0 ¨ 9¨ 9 m u0 u0 t0 t0
s u9s9 m t9¨ 0 m u9s9 m t9¨ 0 m s0 ¨ 9s0 ¨ 9 m u0 t0 u0 t0
s u9s9 m t9¨ 0 m u9s9 m t9¨ 0 m s0 ¨ 9 m u0 t0 s0 ¨ 9 m u0 t0 .  .  .  .
s f u , s, t , ¨ f u , s, t , ¨ , .  .13 23
where  u9 m u0 s u,  s9 m s0 s s,  t9 m t0 s t, and  ¨ 9 m ¨ 0 s ¨ . A
 R.  ..  .Rsimilar argument shows that id mD f u, s, t, ¨ s f u, s, t, ¨H j A 13
 .  .  R Rf u, s, t, ¨ , and hence f u, s, t, ¨ is contained in CW H j A, H j12
.A .
By a straightforward argument, one can easily verify that f is an
injective group morphism. The rest we need to show is that f is surjective.
 R R .First, for any U s  U 9 m U 0 g CW H j A, H j A , set
u s a m b U s id m e U 9 m e m id U 0 , .  .  .  .  .  .0 0
s s a m a U s id m e U 9 m id m e U 0 , .  .  .  .  .  .0 0
t s b m b U s e m id U 9 m e m id U 0 , .  .  .  .  .  .0 0
¨ s t b m a U s id m e U 0 m e m id U 9 . .  .  .  .  .  .0 0
Since a : H jR A ª H and b : H jR A ª A are bialgebra surjections,0 0
 .  .  .u, ¨ g CW H, A , s g CW H, H , and t g CW A, A .
Next, an argument similar to that of Theorem 2.5 shows that
R RD m D U s U 9V 9 m U 9V 9 m V 0 V 0 m U 0 U 0 , .  . 
where U s  U 9 m U 0 s  V 9 m V 0 s  U 9 m U 0 s  V 9 m V 0. Now
by applying a m b m a m b to both sides of the equation we get0 0 0 0
a m b m a m b DR m DR U s f u , s, t , ¨ . .  .  .  .0 0 0 0
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 . R  . RRFinally, since a m b D s id , we have a m b m a m b D0 0 H j A 0 0 0 0
R. .  .m D U s U, and so U s f u, s, t, ¨ . This shows that f is surjective.
LEMMA 2.8. Let r s  r 9 m r 0 g H m A. Then r is a weak R-matrix such
r R  .that H j A s H j A if and only if r s Ru for some u g CW H, A .
 .Proof. If r s Ru, u s  u9 m u0 g CW H, A , then r s  R9u9 m
R0 u0 is invertible in H m A. Since u is central,
D m id r s D R9u9 m R0 u0 .  .  .
s D R D u9 m R0 u0 .  .
s R9 m R9 u9 m u9 m R0 R0 u0 u0 .  .
s R9u9 m R9u9 m R0 u0 R0 u0
s r 9 m r 9 m r 0 r 0 ,
where  R9 m R0 s R,  u9 m u0 s u,  r 9 m r 0 s r. Similarly, one can
 . .check that id m D r s  r 9r 9 m r 0 m r 0, and thereby r is a weak R-
matrix.
y1  .y1 y1 y1  y1 .  y1 .  y1 .  y1 .Now, since r s Ru s u R s  u 9 R 9 m u 0 R 0
y1  y1 .  y1 .  .and u s  u 9 m u 0 g Z H m A , we have
Dr x m a s x m R0 u0 a uy1 0 Ry1 0 m R9u9x uy1 9 Ry1 9 m a .  .  .  .  . 1 1 2 2
s x m R0 a u0 uy1 0 Ry1 0 m R9x u9 uy1 9 Ry1 9 m a .  .  .  .1 1 2 2
s x m R0 a Ry1 0 m R9x Ry1 9 m a .  . 1 1 2 2
s DR x m a . .
Conversely, assume that r is a weak R-matrix such that H jr A s H jR
y1  y1 .  y1 . y1  y1 .A. Set u s  u9 m u0 s R r s  R 9r 9 m R 0 r 0, r s  r 9
 y1 . r Rm r 0. Then since D s D we have
x m r 0 a ry1 0 m r 9x ry1 9 m a .  . 1 1 2 2
s x m R0 a Ry1 0 m R9x Ry1 9 m a .  . 1 1 2 2
for all x g H, a g A. By applying e m id m id m e to both sides, it follows
that
r 0 a ry1 0 m r 9x ry1 9 s R0 a Ry1 0 m R9x Ry1 9, .  .  .  . 
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 . y1  . y1 y1  . and so r x m a r s R x m a R . Therefore R r x m a s x m
. y1  .a R r, which means u g Z H m A .
 .  .Now by W.1 and W.5 , we have
D m id u s D Ry1 9 D r 9 m Ry1 0 r 0 .  .  .  .  . .
y1 y1 y1 y1s R 9 m R 9 r 9 m r 9 m R 0 R 0 r 0 r 0 .  .  .  .  . .
y1 y1 y1 y1s R 9r 9 m R 9r 9 m R 0 R 0 r 0 r 0 .  .  .  .
y1 y1s u9 m R 9 r 9 m R 0 u0 r 0 .  .  .
y1 y1s u9 m R 9r 9 m u0 R 0 r 0 .  .  .
s u9 m u9 m u0 u0 ,
y1 y1 y1 .  .where  R 9 m R 0 s R ,  r 9 m r 0 s r,  u9 m u0 s u. Similarly,
 .  .by W.2 and W.6 , one can verify
id m D u s u9u9 m u0 m u0 . .  . 
 .Thus u g CW H, A and r s Ru.
 .  .THEOREM 2.9. Let H, s and A, t be quasitriangular bialgebras, u s
 . w x  R u9 m u0 and ¨ s  ¨ 9 m ¨ 0 be in CW H, A . Define s, t, u, ¨ in H j
.  R .A m H j A by
w x y1 y1s, t , u , ¨ s R9s9u9 m t9 R 0 ¨ 0 m s0 R 9¨ 9 m R0 t0 u0 , .  .
 R w x.where s s  s9 m s0, t s  t9 m t0. Then H j A, s, t, u, ¨ is a quasitri-
 R .angular bialgebra; con¨ersely, if H j A, R is a quasitriangular bialgebra
w xthen R has the form of s, t, u, ¨ .
 R w x.Proof. It follows from Theorem 2.2 that H j A, s, t is quasitrian-
gular, where
w x y1 y1s, t s R9s9 m t9 R 0 m s0 R 9 m R0 t0 . .  .
 .  RBy Lemma 2.7, U s f u, 1, 1, ¨ s  u9 m ¨ 0 m ¨ 9 m u0 g CW H j
R . w x w xA, H j A . Since s, t, u, ¨ s s, t U, it follows by Lemma 2.8 that
w x  R R .  R w x.s, t, u, ¨ is a weak R-matrix of H j A, H j A . Since H j A, s, t
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 R R . Ris quasitriangular and U g Z H j A m H j A , for any z g H j A
we have
w x R w x R w x Rs, t , u , ¨ D z s s, t UD z s s, t D z U .  .  .
o p o pR Rw x w xs D z s, t U s D z s, t , u , ¨ , .  .  .  .
 R w x.and it follows that H j A, s, t, u, ¨ is quasitriangular.
 R .Conversely, suppose that H j A, R is a quasitriangular bialgebra.
First, let us set
r s a m b R s r 9 m r 0 , .  . 0 0
s s a m a R s s9 m s0 , .  . 0 0
t s b m b R s t9 m t0 , .  . 0 0
p s t b m a R s p9 m p0 , .  . 0 0
 .  .then it follows by the proof of Theorem 2.1 that H, s and A, t are
 .quasitriangular bialgebras, and that r is a weak R-matrix of H, A such
that H jR A s H jr A. Thus it follows by Lemma 2.8 that r s Ru for
 .some u s  u9 m u9 g CW H, A .
 .Next, we claim that Rp s pR g CW H, A . In fact, a standard argu-
ment shows that
R Ä ÄD R s R9R9 m R0 R0 m R9R9 m R0 R0 , . 
RÄ Ä  .where  R9 m R0 s  R9 m R0 s  R9 m R0 s R. Since H j A, R is
R .  R.o p .quasitriangular, RD R s D R R, i.e.,
Ä ÄR R9R9 m R0 R0 m R9R9 m R0 R0 /
Ä Äs R9R9 m R0 R0 m R9R9 m R0 R0 R. /
 .By applying t b m a to both sides of the equation, we get pR s Rp.0 0
Write ¨ s  ¨ 9 m ¨ 0 s  ¨ 9 m ¨ 0 s pR s Rp, then it is clear that ¨ is
R .  R.o p .invertible in H m A. By RD x m a s D x m a R, we have
R x m R0 a Ry1 0 m R9x Ry1 9 m a .  . .1 1 2 2
s R9x Ry1 9 m a m x m R0 a Ry1 0 R. .  . .2 2 1 1
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 .  . y1Again by applying t b m a to both sides, we get pR x m a R s0 0
 .  .  .x m a p, and so pR x m a s x m a pR. This shows that ¨ is central.
Now let us write R s  R9 m R0 s  R9 m R0. Then
D m id p s D m id a R0 m b R9 .  .  .  .  . . 0 0
s Da R0 m b R9 .  . 0 0
s a m a DR R0 m b R9 .  .  . 0 0 0
s a m a R0 m R0 m b R9 R9 .  .  . 0 0 0
s a R0 m a R0 m b R9 b R9 .  .  .  . 0 0 0 0
s p9 m p9 m p0 p0 ,
where  p9 m p0 s  p9 m p0 s p. Similarly, one can show
id m D p s p9p9 m p0 m p0 . .  . 
Thus we have
D m id ¨ s D m id R D m id p .  .  .  .  .  .
s R9 m R9 m R0 R0 p9 m p9 m p0 p0 . .
s R9p9 m R9p9 m R0 R0 p0 p0
s R9p9 m ¨ 9 m R0 ¨ 0 p0
s R9p9 m ¨ 9 m R0 p0 ¨ 0
s ¨ 9 m ¨ 9 m ¨ 0 ¨ 0 ,
and similarly,
id m D ¨ s ¨ 9¨ 9 m ¨ 0 m ¨ 0 . .  . 
 . y1Thus we have proved that ¨ s Rp s pR g CW H, A and p s R ¨ s
 y1 .  y1 . R 9¨ 9 m R 0 ¨ 0.
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w xFinally, we will show R s s, t, u, ¨ , where s, t, u, and ¨ are given
above. In fact, an argument the same as that of Lemma 2.7 shows that
R s r 9s9 m t9p0 m s0 p9 m r 0 t0 .
By r s Ru and p s Ry1 ¨ , we get
R s R9u9s9 m t9 Ry1 0 ¨ 0 m s0 Ry1 9¨ 9 m R0 u0 t0 .  .
s R9s9u9 m t9 Ry1 0 ¨ 0 m s0 Ry1 9¨ 9 m R0 t0 u0 .  .
w xs s, t , u , ¨ ,
completing the proof.
PROPOSITION 2.10. There exists a bijecti¨ e correspondence between
 R .  .  .  .QT H j A and the set direct product QT H = QT A = CW H, A =
 .CW H, A .
 . w x  .  .Proof. Set c s, t, u, ¨ s s, t, u, ¨ , s g QT H , t g QT A , u, ¨ g
 .  .CW H, A . Then by Theorem 2.9, c is a surjection from QT H =
 .  .  .  R .QT A = CW H, A = CW H, A to QT H j A . But it is clear that c
is also injective.
EXAMPLE 2.11. Let H s H be Sweedler's four-dimensional Hopf alge-4
bra over k with char k / 2. As an algebra over k, H is generated by g and
x with relations
g 2 s 1, x 2 s 0, xg s ygx.
The coalgebra structure and antipode are determined by
D g s g m g , D x s x m g q 1 m x , .  .
e g s 1, e x s 0, S g s g s gy1 , S x s gx . .  .  .  .
 4H has a basis 1, g, x, gx . Let A s kZ , where Z is written multiplica-2 2
1 4  .tively as 1, a . Now let R s 1 m 1 q 1 m a q g m 1 y g m a g H m A.2
 .Then one can easily check that R is a weak R-matrix of H, A with
Ry1 s R, and so we can form a bicrossed coproduct H jR A, which is an
eight-dimensional Hopf algebra with a basis 1 m 1, g m 1, 1 m a, g m a, x
4  R . m 1, x m a, gx m 1, gx m a . Clearly, G H j A s 1 m 1, g m 1, 1 m a, g
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4m a . A straightforward verification shows that
DR x m 1 s x m 1 m g m 1 q 1 m a m x m 1, .
DR gx m 1 s gx m 1 m 1 m 1 q g m a m gx m 1, .
DR x m a s x m a m g m a q 1 m 1 m x m a, .
DR gx m a s gx m a m 1 m a q g m 1 m gx m a. .
R R . R .The antipode S is given by S x m 1 s gx m a, S gx m 1 s yx m a,
R . R .S x m a s gx m 1, and S gx m a s yx m 1.
w x w x  .  4It follows by R1, p. 296 and M, 10.1.16 that QT H s R N a g ka
 .  4and QT A s r s 1 m 1, r , where0 1
1
R s 1 m 1 q 1 m g q g m 1 y g m g .a 2
a




r s 1 m 1 q 1 m a q a m 1 y a m a . .1 2
 .  .  .  .  4Since Z H m A s Z H m Z A s k1 m A, CW H, A s 1 m 1 , andH
then it follows from Theorem 2.9 that
R w x w xQT H j A s R , r , R , r N a g k , 4 . a 0 a 1
w xwhere R , r are defined as in Theorem 2.2. By a straightforward compu-a i
tation, we get
1
w xR , r s 1 m 1 m 1 m 1 q 1 m 1 m g m aa 1 2
qg m a m 1 m 1 y g m a m g m a.
a
q gx m 1 m gx m 1 q x m a m gx m 1
2




w xR , r s 1 m 1 m 1 m 1 q g m 1 m 1 m 1 q 1 m 1 m g m aa 0 4
yg m 1 m g m a q 1 m a m 1 m 1 q g m a m 1 m 1
q1 m a m g m a y g m a m g m a q 1 m 1 m g m 1
qg m 1 m g m 1 q 1 m 1 m 1 m a y g m 1 m 1 m a
y1 m a m g m 1 y g m a m g m 1 y 1 m a m 1 m a
qg m a m 1 m a.
a
q gx m 1 m gx m 1 q x m 1 m gx m 1
4
qx m 1 m x m a y gx m 1 m x m a q gx m a m gx m 1
qx m a m gx m 1 q x m a m x m a y gx m a m x m a
ygx m 1 m x m 1 y x m 1 m x m 1 y x m 1 m gx m a
ygx m 1 m gx m a q gx m a m x m 1 q x m a m x m 1
qx m a m gx m a y gx m a m gx m a ..
3. FINITE-DIMENSIONAL BICROSSED COPRODUCTS
For any bialgebras H and A, if R g H m A, we write R s id m l .
. . 4  . . 4g R N g g A* and R s f m id R N f g H* . r .
LEMMA 3.1. If H and A are finite-dimensional bialgebras, R g H m A,
then the following three conditions are equi¨ alent:
 .  .  .1 R satisfies W.1 ] W.4 .
 . co p  .  . .2 The map F: H* ª A defined by F f s f m id R for f g
H* is a bialgebra morphism.
 . o p  .  . .3 The map C: A* ª H defined by C g s id m g R for g g A*
is a bialgebra morphism.
 .Moreo¨er, if F and C are surjecti¨ e or injecti¨ e , then F and C are
bijecti¨ e.
Proof. It follows by a straightforward argument.
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THEOREM 3.2. Let H and A be bialgebras, R g H m A. Assume that R
 .  .satisfies W.1 ] W.4 , R s H, and R s A. Then the following are equi¨ a- l .  r .
lent:
 .  .1 R is in¨ertible in H m A so R is a weak R-matrix .
 .2 H is a Hopf algebra.
 .3 A is a Hopf algebra.
Furthermore, if these equi¨ alent conditions are satisfied, then H jR A,
 o p.  .D H *, and D A* * are isomorphic as Hopf algebras.
Proof. By R s H and R s A we know that H and A are finite- l .  r .
dimensional, and that the maps F and C defined as in Lemma 3.1 are
surjective.
It follows by Lemma 3.1 that H and A*o p are isomorphic as bialgebras,
and so H is a Hopf algebra if and only if A is a Hopf algebra. This shows
 .  .2 m 3 .
 .  .2 « 1 . It follows immediately by noting Definition 1.1 and Lem-
ma 1.2.
 .  .1 « 2 . Suppose that R is invertible in H m A. Let us write
n  4  4R s  x m a , where n is as small as possible. Then a and x are ais1 i i i i
basis in A and H, respectively, since F and C are surjective. Hence, Ry1
can be uniquely written as Ry1 s n y m a , y g H. Define a linearis1 i i i
 .endomorphism S of H by S x s y , i s 1, 2, . . . , n. We claim that S is ani i
antipode of H.
 .In fact, if z g H then there is a g g A* such that z s C g s
n  : g, a x . Thereforeis1 i i
 :D z s z m z s g , a x m x .  .  . 1 2 i i i1 2
n




 :S z z s S x x g , a a .  . 1 2 i j i j
i , js1
n





 :z S z s x S x g , a a .  . 1 2 i j i j
i , js1
n
 :  :s x y g , a a s g , 1 1 . i j i j A H
i , js1
By Lemma 3.1, C is a bialgebra map from A*o p to H, and then it follows
 .  :that e z s g, 1 . This shows that S is an antipode of H.
Now assume that R is invertible in H m A. Then R is a weak R-matrix,
and H and A are Hopf algebras. It follows that the bicrossed coproduct
R  U4  4H j A is also a Hopf algebra. Let x be the dual basis of x in H*,i i
n U  o p. r  o p.r s  x m x . Then D H * s H j H * by Remark 2.6. It fol-is1 i i
 o p.  .  . .lows by Lemma 3.1 that F: H * ª A given by F f s f m id R is a
 o p.Hopf algebra isomorphism, and so id m F: H m H * ª H m A is also
a Hopf algebra isomorphism. Now we have
n
Uid m F r s x m F x .  .  . i i
is1
n
U :s x m x , x a i i j j
i , js1
n
s x m a s R . i i
is1
Hence, it follows that id m F is a bialgebra isomorphism from H jr
 o p. RH * to H j A, and consequently, id m F is a Hopf algebra isomor-
 o p. R o pphism from D H * to H j A. By Lemma 3.1, H ( A* as bialgebras.
o p  o p.Hence H ( A* as Hopf algebras, and then it follows that D H * is
 .isomorphic to D A* * as a Hopf algebra.
 4COROLLARY 3.3. Let H be a finite-dimensional bialgebra, let h be ai
 U4 Ubasis for H, let h be the dual basis for H*, and let R s  h m h g H mi i i i
H*. Then the following are equi¨ alent:
 .1 H is a Hopf algebra.
 . o p2 R is in¨ertible in H m H*.
 .3 R is in¨ertible in H m H*.
Proof. Note that R is independent of the choice of basis.
First, consider R as an element in H o p m H*. Then one can easily
check that the corresponding bialgebra maps F and C defined as in
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Lemma 3.1 are exactly the identity maps on H o p and H*, respectively, and
 .  .so R satisfies W.1 ] W.4 . Thus it follows by Theorem 3.2 that H is a
Hopf algebra if and only if R is invertible in H o p m H*. This proves
 .  .1 m 2 .
o p  .  . o pNext, by replacing H by H in 1 m 2 , we get that H is a Hopf
 o p.algebra if and only if R is invertible in H m H *. But as an algebra
 o p.  .  .H m H * s H m H*, and so 1 m 3 .
Let H and A be any bialgebras, and let R be a weak R-matrix of
 . w xH, A . Then an argument similar to the proof of R1, Proposition 2
shows that R is a subbialgebra of H and R is a subbialgebra of A. Let l .  r .
us consider R m R as a subspace of H m A as usual; then it is clear l .  r .
that R m R is a subalgebra of H m A, and R g R m R . Since l .  r .  l .  r .
R m R is finite-dimensional and R is invertible in H m A, we know l .  r .
y1  w x.R g R m R see the proof of R2, Lemma 1 . It follows that R is a l .  r .
 . Rweak R-matrix of R , R . Thus R j R is a subbialgebra of l .  r .  l .  r .
R  . . 4  . .H j A. On the other hand, R s id m g R N g g A* s id m g R l .
U 4  . . 4  . . U 4N g g R and R s f m id R N f g H* s f m id R N f g R . It r .  r .  l .
follows from Theorem 3.2 that R and R are Hopf algebras, and so is l .  r .
R R  o p.  U .R j R , and that R j R ( D R * ( D R * as Hopf alge- l .  r .  l .  r .  l .  r .
bras. We summarize these remarks as follows:
PROPOSITION 3.4. Let H and A be any bialgebras, and let R be a weak
 .R-matrix of H, A . Then we ha¨e:
 .1 R and R are subbialgebras of H and A, respecti¨ ely. l .  r .
 . U co p2 R and R are finite-dimensional Hopf algebras, and R ( R l .  r .  l .  r .
as Hopf algebras.
 .  . R3 R is a weak R-matrix of R , R , and R j R is a subbial- l .  r .  l .  r .
gebra of H jR A.
 . R R4 R j R is a finite-dimensional Hopf algebra, and R j R l .  r .  l .  r .
 o p.  U .( D R * ( D R * as Hopf algebras. l .  r .
 .Let A, R be a quasitriangular bialgebra. Then the subbialgebra A ofR
A generated by R q R is the smallest subbialgebra C of A such that l .  r .
y1  .R g C m C. Since R g R m R : A m A , A , R is a quasitrian- l .  r . R R R
 .gular bialgebra. If A s A, then A, R is called a minimal quasitriangularR
w xbialgebra R1 .
 .LEMMA 3.5. Let A, R be a quasitriangular bialgebra, H s R , and l .
B s R . Then r .
 .1 HB s BH.
 .2 A s BH. In particular, A is finite-dimensional.R R
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 .  .Proof. Since A, R is quasitriangular, by QT.3 we have, in A m A,
R9b m R0 s b R9 m b R0 S b , .  2 1 B 3
bR9 m R0 s R9b m S b R0 b , .  2 B 1 3
for all b g B, where R s  R9 m R0 and S is the antipode of B. Then anB
w xargument similar to the proof of R1, Proposition 3 shows that HB s BH.
 .  .  .Thus part 1 has been proved. Part 2 follows immediately from part 1
and Proposition 3.4.
 .  .THEOREM 3.6. If A, R is a quasitriangular bialgebra, then A , R is aR
minimal quasitriangular Hopf algebra.
Proof. We only have to prove that A is a Hopf algebra. Since R is aR
 .weak R-matrix of H, B and H is a Hopf algebra where H s R and l .
 o p co p.B s R , R is also a weak R-matrix of H , B , and then one can form r .
a bicrossed coproduct H o p jR Bco p which is a Hopf algebra by Proposi-
tion 3.4. By Lemma 3.1, the following two maps a and b are bialgebra
morphisms:
a : AU ª H o p , a f s id m f R , f g AU , .  .  .R R
b : AU ª Bco p , b f s f m id R , f g AU . .  .  .R R
For any f g AU , we have, in H o p m Bco p,R
 :  :R ? a f m b f s R ? f , R0 R9 m f , r 9 r 0 .  . .  . 1 2 1 2
 :s f , R0 r 9 R9 ? R9 m R0 r 0
 :s f , R0 r 9 R9R9 m R0 r 0
and
 :  :a f m b f ? R s f , R0 R9 m f , r 9 r 0 ? R .  . .  . 2 1 2 1
 :s f , r 9R0 R9 ? R9 m r 0 R0
 :s f , r 9R0 R9R9 m r 0 R0
 Y: Ys f , r 9R R9 m r 0 R by QT.2 . . 1 2
 Y : Ys f , R r 9 R9 m R r 0 by QT.3 . . 2 1
 :s f , R0 r 9 R9R9 m R0 r 0 ,
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where R s  R9 m R0 s  r 9 m r 0 s  R9 m R0. It follows that
R ? a f m b f s a f m b f ? R . .  .  .  . .  . 1 2 2 1
Thus by Lemma 1.5, the composition
ambDU U U o p R co pu : A ª A m A ª H j BR R R
is a bialgebra morphism. We claim that u is injective.
U  .In fact, if f g A and u f s 0, thenR
u f s a f m b f .  .  . 1 2
 :  :s f , R0 R9 m f , r 9 r 0 1 2
 :s f , R0 r 9 R9 m r 0 s 0.
Thus for any p, q g A*, we have
 :   :  : :f , p m id R id m q R s f , p , R9 R0 q , r 0 r 9 .  .  .  . 
 : : :s f , R0 r 9 p , R9 q , r 0
s p m q , f , R0 r 9 R9 m r 0 s 0,  : :
 :hence f , BH s 0, and so f s 0 by Lemma 3.5. Thus we have proved
that u is an injective bialgebra morphism. Since H o p jR Bco p is a Hopf
U w x Ualgebra and A is finite-dimensional, it follows by R2, Lemma 1 that AR R
is a Hopf algebra, and then so is A .R
 .COROLLARY 3.7. If A, R is a minimal quasitriangular bialgebra, then
 .A, R is a minimal quasitriangular Hopf algebra.
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